We show that if a group is not virtually cyclic and is hyperbolic relative to a family of proper subgroups, then it has a hyperbolically embedded subgroup which contains a finitely generated non-abelian free group as a finite index subgroup.
Introduction
The notion of relatively hyperbolic groups was introduced in [6] and has been studied by many authors (see for example [2] , [4] , [5] and [13] ). In this paper we consider relatively hyperbolic groups in accordance with a definition due to D. Osin [13, Definition 2.35] . Note that for certain cases (e.g. for finitely generated groups), this definition has several equivalent formulations (see for example [7, Sections 3 and 5] ).
In [14] , D. Osin introduced the notion of hyperbolically embedded subgroups of a relatively hyperbolic group. Definition 1.1. ([14, Definition 1.4]) Let G be a group which is hyperbolic relative to a family K of subgroups. A subgroup H of G is said to be hyperbolically embedded into G relative to K if G is hyperbolic relative to K ∪ {H}.
If G is infinite and hyperbolic relative to a family K of proper subgroups, then there exists a virtually infinite cyclic subgroup of G which is hyperbolically embedded into G relative to K (see [14, Corollaries 1.7 and 4.5] ). Also if G is torsion-free, hyperbolic and not cyclic, then it contains a free subgroup of rank two which is quasiconvex and malnormal in G, that is, hyperbolically embedded into G relative to the empty family ∅ (see [9, Theorem C] and [2, Theorem 7.11] ). In this paper we show the following (see also Theorem 5.1). Theorem 1.2. Suppose that a group G is not virtually cyclic and is hyperbolic relative to a family K of proper subgroups. Then there exists a finitely generated and virtually non-abelian free subgroup of G which is hyperbolically embedded into G relative to K. Moreover if G is torsion-free, then it contains a free subgroup of rank two which is hyperbolically embedded into G relative to K.
We refer to [12, Theorems 1.4 and 1.5] for applications of this theorem to the study of convergence actions of groups. We also refer to [11, Theorem 6.3] for another application. Remark 1.3. After the first version of this paper appeared, the notion of a hyperbolically embedded subgroup was further generalized in [3] . It turns out that we can prove a stronger version of Theorem 1.2 by using the argument in the proof of [3, Theorem 6.14 (c)] (see [12, Appendix B] for details). In what follows, hyperbolically embedded subgroups which we consider are those in the sense of [14] .
In Section 2, we recall the fact that hyperbolically embedded subgroups of a relatively hyperbolic group are characterized as strongly relatively undistorted and almost malnormal subgroups. Strongly relatively undistorted free subgroups of rank two of a relatively hyperbolic group are found in Section 3. In Section 4, we construct almost malnormal subgroups of a virtually free group with additional properties. Theorem 1.2 is proved in Section 5.
Characterization of hyperbolically embedded subgroups
The strategy of our proof of Theorem 1.2 is based on Osin's characterization of hyperbolically embedded subgroups of relatively hyperbolic groups stated below.
To state the characterization, we begin by introducing several definitions. Let G be a group. For a family K of subgroups of G, we put K = K∈K K \ {1}. A subset X of G is called a relative generating set of G with respect to K if G is generated by X ∪ K. The group G is said to be finitely generated relative to K if there exists a finite relative generating set of G with respect to K. When Z is a (possibly infinite) generating set of G, we denote by Γ(G, Z) the Cayley graph of G with respect to Z and by d Z the word metric with respect to Z. Definition 2.1. Let G be a group which is finitely generated relative to a family K of subgroups. A subgroup H of G is said to be strongly undistorted relative to K in G if H is generated by some finite subset Y and for some finite relative generating set X of G with respect to K, the natural map
is a quasi-isometric embedding. Definition 2.2. Let G be a group and H a subgroup of G. The subgroup H is said to be malnormal (resp. almost malnormal) in G if for every element g of G \ H, the intersection H ∩ gHg −1 is trivial (resp. finite). For finitely generated relatively hyperbolic groups, we have the following characterization of strongly relatively undistorted subgroups.
Definition 2.4. ([13, Definitions 4.9 and 4.11]) Let G be a group with a finite family K of subgroups. Suppose that G is generated by a finite set X. A subgroup H of G is said to be quasiconvex relative to K in G if there exists a constant σ ≥ 0 satisfying the following: if h 1 and h 2 are elements of H and p is a geodesic from h 1 to h 2 in Γ(G, X ∪ K), then for every vertex v on p, there exists an element h of H such that d X (v, h) ≤ σ. A subgroup H of G is said to be strongly quasiconvex relative to K in G if H is quasiconvex relative to K in G and for every element K of K and every element g of G, the intersection H ∩ gKg −1 is finite.
Theorem 2.5. ([13, Theorem 4.13]) Let G be a group which is hyperbolic relative to a finite family K of subgroups. Suppose that G is finitely generated. Then a subgroup H of G is strongly undistorted relative to K if and only if H is strongly quasiconvex relative to K.
Strongly relatively undistorted free subgroups
When a group G is hyperbolic relative to a family K of subgroups, a subgroup of G is said to be parabolic with respect to K if it is conjugate to a subgroup of some element of K. The main purpose of this section is to show the following.
Proposition 3.1. Let G be a group which is hyperbolic relative to a family K of proper subgroups and Γ a subgroup of G which is neither virtually cyclic nor parabolic with respect to K. If Γ contains an element of infinite order, then it contains a free subgroup F of rank two which is strongly undistorted relative to K in G.
Proposition 3.1 yields the following corollary.
Corollary 3.2. Let G be a group which is not virtually cyclic and is hyperbolic relative to a family K of proper subgroups. Then G contains a free subgroup F of rank two which is strongly undistorted relative to K in G.
Proof of Corollary 3.2 using Proposition 3.1. It follows from [14, Corollary 4.5] that the group G contains an element of infinite order. Hence the assertion follows from Proposition 3.1.
For the proof of Proposition 3.1, we prepare several lemmas. When a group G is hyperbolic relative to a family K of proper subgroups, an element g of G is said to be parabolic with respect to K if it is conjugate to an element of a subgroup of G which belongs to K. Otherwise g is said to be hyperbolic with respect to K. Lemma 3.3. Let G be a group which is hyperbolic relative to a family K of proper subgroups and Γ a subgroup of G which is neither virtually cyclic nor parabolic with respect to K. Suppose that either G is countable and K is finite or Γ contains an element of infinite order. Then there exists an element h of Γ which is of infinite order and hyperbolic with respect to K.
Proof. First suppose that G is countable and K is finite. Then we can consider a geometrically finite convergence action of G on a compact metrizable space such that the set of all maximal parabolic subgroups of the action is equal to the collection of all conjugates of elements of K which are infinite (see for example [7, Definition 3.1] ). Since Γ is neither virtually cyclic nor parabolic with respect to K, the restriction of this action to Γ is a non-elementary convergence action. Hence Γ contains an element h which is loxodromic with respect to this action (see [16, Theorem 2T] ).
Next suppose that Γ contains an element h of infinite order. We only have to consider the case where h belongs to the conjugate gKg −1 for some element K of K and some element g of G. Since Γ is not parabolic with respect to K, we can take an element γ of Γ \ gKg −1 . By [14, Lemma 4.4] , there exists an integer n such that the element γh n of Γ is of infinite order and hyperbolic with respect to K. ) Let G be a group which is hyperbolic relative to a family K of subgroups and h be an element of G which is of infinite order and hyperbolic with respect to K. Then there exists a unique subgroup E(h) of G such that E(h) is virtually cyclic, contains h and maximal among such subgroups of G. Moreover E(h) is hyperbolically embedded into G relative to K.
The following lemma is shown by a similar argument in the proof of [10, Corollary 1.12].
Lemma 3.5. Let G be a group generated by a finite set X and hyperbolic relative to a finite family K of subgroups. Let a subgroup H of G be hyperbolically embedded into G relative to K. We denote the union K ∪ {H} by H. Suppose that a subgroup Q of G is strongly quasiconvex relative to H in G. Then there exists a constant C(Q, H) ≥ 0 with the following property: for every subgroup R of H such that
(c) the subgroup R is quasiconvex relative to K in G, the natural homomorphism Q * Q∩R R → G is injective and its image Q ∪ R is strongly quasiconvex relative to K in G.
Proof. By [10, Theorem 5.12], there exists a constant C(Q, H) ≥ 0 with the following property: for every subgroup R of H satisfying above conditions (a) and (b), the natural homomorphism Q * Q∩R R → G is injective, its image Q∪R is quasiconvex relative to H in G and for every element g of G and every element
Now we suppose that R satisfies above condition (c) and show that Q ∪ R is strongly quasiconvex relative to K in G.
First we show that Q∪R is quasiconvex relative to K in G. By [10, Theorem 1.1 (2)], it suffices to show that for every element g of G, the intersection Q ∪ R ∩ gHg −1 is quasiconvex relative to K in G. Every finite subgroup of G is automatically quasiconvex relative to K in G. Since R is quasiconvex relative to K in G, it is well-known that every conjugate of R is also quasiconvex relative to K in G. Thus the subgroup Q ∪ R is quasiconvex relative to K in G.
Next we show that for every element g of G and every element K of K, the intersection Q ∪ R ∩ gKg −1 is finite. We have only to consider the case where there exists an element s of Q∪R such that Q∪R ∩gKg −1 is equal to sRs
By using the above lemmas, we prove the following, which implies Proposition 3.1 for finitely generated groups. Lemma 3.6. Let G be a group which is hyperbolic relative to a finite family K of proper subgroups and Γ a subgroup of G which is neither virtually cyclic nor parabolic with respect to K. Suppose that G is finitely generated. Then Γ contains a free subgroup F of rank two which is strongly quasiconvex relative to K in G.
Proof. By Lemma 3.3, there exists an element h of Γ which is of infinite order and hyperbolic with respect to K. We denote by H a subgroup E(h) of G given by Lemma 3.4. We put H = K ∪ {H}. Then H consists of proper subgroups of G and G is hyperbolic relative to H. Since H is virtually infinite cyclic, the subgroup Γ is not parabolic with respect to H.
Hence it follows from Lemma 3.3 that there exists an element q of Γ which is of infinite order and hyperbolic with respect to H. We denote by Q the infinite cyclic subgroup of Γ generated by q. By Lemma 3.4 and Theorem 2.5, the subgroup Q is strongly quasiconvex relative to H in G. Since Q is torsion-free, this implies that the intersection Q ∩ H is trivial. Figure 1: The graph of groups G Let X be a finite generating set of G and C(Q, H) ≥ 0 a constant given by Lemma 3.5. Since h is of infinite order, there exists a positive integer k such that d X (1, h kn ) ≥ C(Q, H) for every integer n ∈ Z \ {0}. We denote by R the infinite cyclic subgroup of Γ generated by h k . Since R is a finite index subgroup of H, it is strongly quasiconvex relative to K in G by Theorem 2.5. Hence R satisfies conditions (a), (b) and (c) in Lemma 3.5. By Lemma 3.5, the subgroup Q ∪ R of Γ is a free group of rank two which is strongly quasiconvex relative to K in G.
For the proof of the general case, we need the following lemma which is obtained from a specialization of [13 Lemma 3.7. Let G be a group which is hyperbolic relative to a family K of proper subgroups and X a finite relative generating set of G with respect to K. Then there exists a finite subfamily K 0 = {K 1 , . . . , K m } of K such that G splits as the free product
where G 0 is the subgroup of G which is generated by K 1 , . . . , K m and X. Moreover there exist a finitely generated subgroup Q of G 0 and a family L = {L 1 , . . . , L m } of subgroups of Q satisfying the following: (i) the finite relative generating set X is contained in Q and for every i ∈ {1, . . . , m}, the subgroup L i is contained in K i ;
(ii) the group G 0 is isomorphic to the fundamental group of the graph of groups G drawn in Figure 1; (iii) the subgroup Q is hyperbolic relative to L, the set X is a relative generating set of Q with respect to L and the natural map (Q,
is an isometric embedding, where we put L = L∈L L \ {1}.
Lemma 3.8. In the setting of Lemma 3.7, we have the following:
(1) if no elements of K contain X, then L consists of proper subgroups of Q.
(2) if a subgroup of Q is strongly quasiconvex relative to L in Q, then it is strongly undistorted relative to K in G;
(3) if a subgroup of Q is hyperbolically embedded into Q relative to L, then it is hyperbolically embedded into G relative to K;
Proof.
(1) This follows from condition (i) in Lemma 3.7.
(2) This follows from Theorem 2.5 and condition (iii) in Lemma 3.7.
(3) Suppose that a subgroup V of Q is hyperbolically embedded into Q relative to L. Then V is strongly quasiconvex relative to L in Q by Theorems 2.3 and 2.5. By assertion (2), the subgroup V is strongly undistorted relative to K in G.
We claim that V is almost malnormal in G. Indeed, since V is hyperbolically embedded into Q relative to L, it is almost malnormal in Q. Hence it suffices to show that if g is an element of G \ Q, then the intersection V ∩ gV g −1 is finite. First suppose that g belongs to G \ G 0 . Since G 0 is a free factor of G, the intersection G 0 ∩ gG 0 g −1 is trivial. Hence the intersection V ∩ gV g −1 is also trivial. Next suppose that g belongs to G 0 \ Q. We denote by T the Bass-Serre covering tree of the graph of groups G. Then the group Q is the stabilizer group of a vertex v of T and we have gv = v. Since the intersection Q ∩ gQg −1 fixes both v and gv, it fixes an edge of T . Hence Q ∩ gQg −1 is parabolic with respect to L. Since every element of L is contained in a element of K, the intersection Q ∩ gQg −1 is parabolic with respect to K. Since the subgroup V is strongly quasiconvex relative to K in G, the intersection V ∩ (Q ∩ gQg −1 ) is finite. Hence the intersection V ∩ gV g −1 is also finite.
Proof of Proposition 3.1. Since Γ contains an element of infinite order, it follows from Lemma 3.3 that there exists an element h of Γ which is of infinite order and hyperbolic with respect to K. Let E(h) be a subgroup of G given by Lemma 3.4. Since Γ is not virtually cyclic, we can take an element γ of Γ \ E(h). By Lemma 3.4, every subgroup of G that contains {h, γ} is not virtually cyclic. We take a finite relative generating set X of G with respect to K which contains {h, γ}. Note that since h is hyperbolic with respect to K, no elements of K contain X. Let Q and L be given by Lemma 3.7. By Lemma 3.8 (1), the family L consists of proper subgroups of Q. Since Γ ∩ Q contains {h, γ} and each element of L is contained in some element of K, the subgroup Γ ∩ Q is neither virtually cyclic nor parabolic with respect to L.
Since Q is finitely generated, it follows from Lemma 3.6 that Γ ∩ Q contains a free subgroup F of rank two which is strongly quasiconvex relative to L in Q. By Lemma 3.8 (2), the subgroup F is strongly undistorted relative to K in G.
Remark 3.9. We give an alternative proof of Corollary 3.2.
Let F ′ be a free group of rank two with a free basis Y ′ and X a finite relative generating set of G with respect to K. By [1, Theorem 1.1], there exists a quotient group G ′ of G and an embedding ι : 
We take a subset Y of G such that Y consists of two elements and ψ(Y ) is equal to ι(Y ′ ). We denote by F the subgroup of G which is generated by Y . Then F is a free group of rank two. We can confirm that the natural map (F, d Y ) → (G, d X∪K ) is a quasi-isometric embedding. This finishes the proof of Corollary 3.2.
Almost malnormal subgroups of virtually free groups
In this section, we show the following (compare with [9, Theorem 5.16] for the case of non-abelian free groups of finite rank), which is necessary for the proof of Theorem 1.2.
Theorem 4.1. Let M be a finitely generated and virtually non-abelian free group and let {M l | l ∈ {1, . . . , n}} be a finite family of finitely generated subgroups of M of infinite index. Then there exists a proper subgroup V of M satisfying the following:
(i) the subgroup V is finitely generated, virtually non-abelian free, and almost malnormal in M ;
(ii) for every l ∈ {1, . . . , n} and every element m of M , the intersection mV m −1 ∩ M l is finite.
For the proof of Theorem 4.1, we prepare two lemmas.
Lemma 4.2. If a proper subgroup H of an infinite group G is almost malnormal in G, then H is an infinite index subgroup of G.
Proof.
Assume that H is a finite index subgroup of G. Then for every element g of G, the intersection H ∩ gHg −1 is a finite index subgroup of G and hence it is infinite. This contradicts the assumption that H is almost malnormal in G.
Lemma 4.3. Let F be a non-abelian free group of finite rank and let {H l | l ∈ {1, . . . , n}} be a finite family of finitely generated subgroups of F of infinite index. Let U be a finite subgroup of Out(F ). We denote by π : Aut(F ) → Out(F ) the quotient map and put A = π −1 (U ). Then there exists a proper subgroup H of F satisfying the following: (i) the subgroup H is a free subgroup of rank two and is malnormal in F ;
(ii) for every l ∈ {1, . . . , n} and every element a of A, the intersection H l ∩a(H) is trivial;
(iii) for every element a of A, either a(H) is equal to H or the intersection H ∩ a(H) is trivial.
Proof. We put U = {u i | i ∈ {1, . . . , m}} and choose an element a i of π −1 (u i ) for each i ∈ {1, . . . , m}. We denote by M the collection of all proper subgroups H ′ of F satisfying the following:
• the subgroup H ′ is a free subgroup of rank two and is malnormal in F ;
• for every i ∈ {1, . . . , m}, every l ∈ {1, . . . , n} and every element f of F , the intersection a
By [9, Theorem 5.16] , the collection M is not empty. We remark that every element of M satisfies conditions (i) and (ii) in Lemma 4.3. For each i ∈ {1, . . . , m} and each element H ′ of M, we put as follows:
Since every finitely generated subgroup of F is quasiconvex in F (see [15, Section 2] ), the subgroup a i (H ′ ) as well as H ′ is quasiconvex and malnormal in F . By [2, Theorem 7.11], the group F is hyperbolic relative to {a i (H ′ )}. Since H ′ is quasiconvex in F , it follows from [10, Theorem 1.1 (1) ] that H ′ is quasiconvex relative to {a i (H ′ )} in F . By [7, Theorem 9 .1], the collection K i has a finite set of representatives of H ′ -conjugacy classes K i = {K i,j | j ∈ {1, . . . , n i }} and H ′ is hyperbolic relative to K i . For every j ∈ {1, . . . , n i } the subgroup K i,j is finitely generated and malnormal in H ′ (see [ • H ′′ is a free subgroup of rank two and is malnormal in H ′ ;
• for every i ∈ I 3 (H ′ ), every j ∈ {1, . . . , n i } and every element h
Since H ′ belongs to M, the subgroup H ′′ also belongs to M. We claim that if i ∈ {1, . . . , m} belongs to I 3 (H ′ ), then for every element f of F , the intersection
is either trivial or conjugate to K i,j in H ′ for some j ∈ {1, . . . , n i }. If the former occurs, the claim obviously holds. If the latter occurs, the intersection 
is of finite index both in H and gHg −1 }.
Proof of Theorem 4.1. It follows from the assumption that M has a finite index normal subgroup F which is a non-abelian free group of finite rank. The action of M on F by conjugations induces a homomorphism from M to Out(F ). We denote the image of this homomorphism by U . Since F is a finite index subgroup of M , U is a finite subgroup of Out(F ). For each l ∈ {1, . . . , n}, we put H l = M l ∩F . Since M l is finitely generated and F is a finite index subgroup of M , this implies that H l is also finitely generated. Since the subgroup M l is of infinite index in M and the subgroup F is of finite index in M , the subgroup H l is of infinite index in F and of finite index in M l . Therefore we can take a subgroup H of F given by Lemma 4.3. We put V = V M (H). By [8, Theorem 1.6], the group H is a finite index subgroup of V . Hence V is a finitely generated and virtually non-abelian free group. By the definition of U and condition (iii) in Lemma 4.3, for every element m of M , either mHm −1 is equal to H or the intersection H ∩ mHm −1 is trivial. Hence for every element m of M \ V , the intersection H ∩mHm −1 is trivial. Since H is a finite index subgroup of V , this implies that V is almost malnormal in M . By condition (ii) in Lemma 4.3, for every l ∈ {1, . . . , n} and every element m of M , the intersection H l ∩ mHm −1 is trivial and hence the intersection M l ∩ mV m −1 is finite. Theorem 5.1. Let G be a group which is hyperbolic relative to a family K of proper subgroups and Γ a subgroup of G which is neither virtually cyclic nor parabolic with respect to K. If Γ contains an element of infinite order, then there exists a finitely generated and virtually non-abelian free subgroup V of G which is hyperbolically embedded into G relative to K and contains V ∩ Γ as a finite index subgroup. Moreover if G is torsion-free, then Γ contains a free subgroup of rank two which is hyperbolically embedded into G relative to K.
This generalizes a result due to I. Kapovich [9, Theorem C] for torsion-free hyperbolic groups. For the proof of Theorem 5.1, we show the following lemma.
Lemma 5.2. Let G be a group which is hyperbolic relative to a finite family K of proper subgroups and Γ a subgroup of G which is neither virtually cyclic nor parabolic with respect to K. Suppose that G is finitely generated. Then there exists a finitely generated and virtually non-abelian free subgroup V of G which is hyperbolically embedded into G relative to K and contains V ∩ Γ as a finite index subgroup. Moreover if G is torsion-free, then Γ contains a free subgroup of rank two which is hyperbolically embedded into G relative to K.
Proof. By Lemma 3.6, the group Γ contains a free subgroup F of rank two which is strongly quasiconvex relative to K in G. We put M = V G (F ). Since F is strongly quasiconvex relative to K in G, it follows from [8, Theorem 1.6] that F is a finite index subgroup of M . Hence M is strongly quasiconvex relative to K in G and we have V G (M ) = M . By [8, Corollary 8.7] , there exists only finitely many double cosets M gM in G such that gM g −1 is not equal to M and the intersection M ∩ gM g −1 is infinite. We denote the collection of such double cosets by {M g l M | l ∈ {1, . . . , n}}. For each l ∈ {1, . . . , n}, we put M l = M ∩ g l M g almost malnormal in G. Then there exists an element g of G \ V such that the intersection V ∩ gV g −1 is infinite. In particular the intersection M ∩ gM g −1 is also infinite. Since V is almost malnormal in M , the element g belongs to G\M . Then for some l ∈ {1, . . . , n} and some elements m 1 and m 2 of M , the element g is equal to m 1 g l m 2 . Therefore the intersection V ∩ (m 1 g l m 2 )V (m 1 g l m 2 ) −1 is infinite and hence the intersection m
is also infinite. This contradicts the condition that for every l ∈ {1, . . . , n} and every element m of M , the intersection mV m −1 ∩ M l is finite. Thus the subgroup V is strongly undistorted relative to K and almost malnormal in G. By Theorem 2.3, the subgroup V is hyperbolically embedded into G relative to K.
For the case where G is torsion-free, we can take a desired subgroup V of Γ by applying [9, Theorem 5.16 ] to F instead of applying Theorem 4.1 to M in the above argument.
Proof of Theorem 5.1. The proof is done in the same way as the proof of Proposition 3.1 by using Lemma 5.2 and Lemma 3.8 (3) instead of Lemma 3.6 and Lemma 3.8 (2), respectively.
